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APPLICATTON OF THE LINEARIZED THEORY OF SUPERSONIC
FLOW TO THE ESTIMATION OF CONTROL—
SURFACE CHARACTERISTICS

By Charles W. Frick, Jr.

SUMMARY

Known conlcal—flow solutlons of the linearized equation for the
veloclty potential In supersonic flow are applied to the calculation
of the characteristics of control surfaces. Complete solutions for
the pressure distributions are obtained for control surfaces with
hinge lines swept shead of or hehlnd the Mech line when the control-— B
surface tralling edge is swept ahead of the Mach lime, TUseful
gpproximate solutions of good accuracy are obtalned when the tralling
edge 1s swept behlnd the Mach line. Applications of the theory to
the estimation of the hinge-moment and effectiveness characteristics
of elevators and allerons are presented.

INTRODUCTION

While the characteriatics of control surfaces are Influenced to
a large extent by viscoelty effects so thaet extensive experimental
investigations are required, 1t i1s evident that theoretical estima-—
tions of these characteristice are necessary for coordinated experi—
ments. Exlsting theoretlcal treatments consider, for the most part,
cagses where the hinge line and tralling edge are swept ahead of the
Mach lines and speclal control types.

In the present report, control surfaces with hinge lines swept
ghead of or behind the Mach line® and with trailing edges swept -
ahead of or behind the Mach line are considered. Use 1s made of the
solution for line sources in the acceleration potential P£ield as glven by

1Notably in a paper by P.A. Lagerstrom given at the winter meeting of
the Imstitute of the Aercnautiocal Sciences ln New York Clty,
January 27 — 30, 1948.

2Tt has been found convenlent to designate a hinge line swept ahead
of or behind the Mach line as a supersonic or a subsonlic hinge
line. This notation 1s also applied to trailing and leading edges
and always means that the component of the stream weloclity perpen—
dicular to the line or edge referred to 1s supersonlc or subsonic.
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R. T. Jones in reference 1 to determine the basic l:Lf'l;:3 due to
control—surface deflection. The effects of the 1nteraction between
the upper and lower surfaces around the subsonic edges of the plan
form are determined by a "cancellation of 11ft" method originated by
Dr. Paco lagerstrom end used by him in a recent paper treating
dovnwash calculations presented before the 14T summer meeting of
the Institute of Aeronmautical Sclences in Los Angeles. This method
was subsequently applied by Doris Cohen in a recent NACA report
(reference 2) to the calculation of the characteristics of flat
lifting winge at supersonic speeds. The nctation of reference 2 1is
uged ‘throughout this report.

SYMBOLS AND CCEFFICIENTS

X,y,2 Carteslan coordinates

v Plight velocity

M Mach number

B VB

u perturbation velocity in =x~dairection

q dynamic pressure (%pvi)

%E 1lifting-pressure coefficlent

o} angular deflection of the control surface sbout the hinge

line, downward movement of the trailing edge considered
positive deflection

8 value of y defining distance from origin of coordinates to
the tip of the wing

b span of the wing

SThroughout this report, the term "basic 1ift" meens the 1ift
provided by the deflection of the control surface without conslidera—
tion of the induced negative 1ift due to the Interaction between
the upper and lower surfaces of the wing around the subsonic edges
of ‘the plan form.
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ba spanwise dlstance from wing center line to inboard end of

alleron
4

a parameter defining a ray from the origin ( = %{I )

at value of a for the ray from the origin vhich passes through
the traillng edge of the tip of the wing

ay the value of a for the ray tha.'b passes through the leading
edge of the tip of the wing

n f times inclination of the hinge line (the value of a for
the ray which lies along the hinge line)

i B times inclination of the tralling edge measured from the
x—-axis

my - B times inclina:bion of the wing leadlng edge measured from
the x—exis*

ty parameter defining a ray from the apex of a superposed sector

£ B (Y—Ya.)
===

Ya value of y at the apex of any superposed constant 1ift sector

Xa value of x at the apex of any superposed constant lift sector

Co chord of the control surface along the x—axis

[ root mean square chord of the control surface

Cy chord of the wing (including the control surface) at the origin
of coordinates measured in the x—direction

Cq mean aerodynamic chord of the wing

X distance from the vertex of the wing to the origin of
coordinate of the control surface in the x-direction

S wing area

L 1ift or rolling moment

4'As shown 1in figure l.
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pitching moment
hinge moment
damping iIn roll
wlng—tip hellx angle

variation of hinge-moment coefficlent with control-surface
deflection at constant wing angle of atback

variation of hinge-—moment coefficilent with wing angle of
attack at constant control deflection

variation of 1ift coefficlent with deflection of control
surface at constant wing angle' of attack

variation of 1lift coefficient with wing angle of attack at
constant control-surface deflection

variation of yawing-moment coefficient with control—surface

deflection at constant angle of attack

ratio of the angle of attack necessary to produce unit 1ift
coefficlent at constant control deflection to the control

deflection necessary to produce unit 1ift coefficient at
constent wing angle of attack G{&%/blu)

variation of pitching-momsnt coefficient with control—
surface deflection at constant wing angle of attack

1554

variation of rolling-moment coefficient with control—surface

deflection at constant sideslip angle

BASIC LIFT DISTRIBUTION DUE TO
CONTROL~SURFACE DEFLECTION

For the purpose of obtaining the 1lift produced by and the

hinge moment resulting from the deflection of a thin flat control
surface hinged on a thin flat wing, it may be assumed that within
the limitations of the linsar theory, the 1ift produced by control—
surface deflectlion 1s independent of the 1lift produced by the angle
of attack of the wing. This assumption eliminates the necessity of
congldering the wing plan form except within the zone of Influence
of the control surface and permits the appllication of known
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linearized mathemstlcal solutions for supersonic flow.s

In developing the linear theory of control surfaces at super—
sonic speeds, 1t 1s convenient to divide the total 1ift provided
by the deflection of the control surface hinged on a finite wing
into two parts. The first part, which will be called the basic 1ift,
is the 1ift provided by the deflection of the control surface when
the wing bounderies extend to the Mach cone in the cross—stream
direction and to infinity in the downstream direction or in other
words when the extent of the wing is such as to preclude interaction
between the upper and lower surfaces. The second part, known as the
induced 1ift, is the 1ift, usually negative, which 1s due to the
interaction between the upper and lower surfaces around the subsonic
edges of the wing plan form.,

. The origin of the coordinate system is placed at the foremost
point of the hinge line of the control surface as shown in figure 1.

It 1s found that the following boundary condltions must be satisfied

in the mathematical treatment of the basic lift. -

() The surface behind the hinge line must be flat and have
the slope in the stream direction

dz -
SZ -5 cos cot—t 2 = o

s - e
P WP :

(b) The surface shead of the hinge lins must be flat and must
extend up to or forward of the Mach come from the origin; in other
words, no dovnwash or upwash due to control deflection may exist -
shead of the hinge line.

The sclution corresponding to these boundary conditlons is that
for an inclined line source in the sacceleration potential fileld given
by R. T. Jones in reference l. The line source results in a wedge—
shaped filgure, of course, but for the purpose of treating comtrol
surfaces the velocity distribution on only one side of the wedge need
be considered, since.no interaction between upper and lower surfaces

S 1t should be noted that the deflection of a control surface produces

a gap between the control surface and the ad Jacent wing surface

through which a leakage of alr may taeke place. Leakage may also

occur from the lower to the upper surfece of the wing if the gap

at the hinge line is unsealed. The effect of leakage cannot be

determined theoretically because of viscosity effects. An experl-— .
mental investigation 1s required.
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exists. The perturbation velocities are equal on both upper and
lower surfaces of the control surface but are of opposite sign so
that the lifting-pressure coefficlent 1is

Ap _
q

dle

When the results of reference 1 are applied to a control surface
wlth the hinge line swept behind the Mach come from the origin
(& subsonic hinge line), it .is found that the lifting-pressure coef—
ficlent 1s given by

-

Ap _ 48 2 cosh™t (-ma) @)
q x B

J BFd) a®) | &~

where a = B?y’ defining any ray from the origin. ([a—m, indicates

absolute value 1s to be used)

If the hinge line is swept ahead of the Mach cone

Ap _ Ly ___ m - (l~m)
CRNER e ey y = ucy SRR =Y @) .

These equations give the lifting-pressure coefficient for any
polnt within the zone of influence of the control surface including
that portion of the wing adjacent to the inboard end of the control
surface. Flgure 2 shows typlical pressure distributions.

If equations (1) and (2) are rewritten as

bp 148 2

T AR EE e ©
and

& _ k3 2

I B ®

the basic lifting-pressure coefficients for a varlety of control—
surface configurations can be expressed. Thus, for a single control
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surface simllar to the aileron of figure 1l({a)

G(a) = cosh—1 iZEe
a—m

F(a) = cos—1 -]I'ﬁT

For two adjacent control surfaces deflected equal amounts, such as
the elevators of figure 1(b)

= 1 1 l-Fma
G(a) = cosh— ;i'-ﬁ-l- + cosh™

T

F(a,) = cog—1 i—ma + cos— % EE';

8] |2+

If the adjacent control surfaces are equally deflected but in
opposlte dilrectlons such as to produce a rolling moment

G(a) = cosh~1 ima | _ sogn—1 iimA
| a~m| ja— |
and
F(a) = cog—2 i=me  _ og—1 18
Ia—ml | &t

Unequal deflections can, of course, be treated by lnserting
proportlionality factors as coefficients for thes terms in the
expressions for G(a) and F(a). If the control surfaces are not
ad Jacent but have overlepping zones of Influence, separate origins
are selected for each.

If the control surface does not extend to the tip of the wing,

cosh—1 Jﬂ. - gogh~—1 l-_-m"ib_
| a—m] o=

G(a)

F(a) = cos—1 1ma _ og—1 18D

fa-m { ey |




8 NACA TN No. 1554
vhere a; 1s referred to the outboard end of the hinge line as origin.

&b=§:%

Here x, and yj, are the coordinates of the outboard end of the
hinge line.

The second term in the expression for G(a) in this case
corresponds to the superposition of a lline sink along the hinge line
with its origin at xp,yp canceling the deflection of the control
surface beyond this polnt.

INDUCED LIFT

The basic 1ift produced by the deflsction of a control surface
has been shown to be glven by rather simple mathematical expressions.
In order to complete the calculation of the pressures due to control—
surface deflection, 1t 1s necessery to determine the effects of the
interaction between the upper and lower surfaces of the wing around
the subsonic edges of the plan form which fall within the zone of
influence of the control surface. Since the pressure fleld due to
the basic 1i1ft is conical in form, the powerful method of the super—
position of constant-lift sectors used in reference 2 is readily
eppllicable to the calculation of these induction effects. In the
followlng treatment, the incremental pressures determined by this
mothod are to be added algebralcally to the basic lifting pressures
to obtaln a complete solution. :

Tip

When the tip 1s alined with the stream, it is evident that
interaction between the upper and lower surfaces of the control
surface exists within the Mach cone with its apex at the point where
the Mach cone of the control surface intersects the tip. The extent
of the induced negative 1lift resulting from the interaction may be
determined in the following manmer.

The pressure difference that exlsts along the tlp due to the
baslc 1ift 1s canceled by the integrated effect of the superposition
of triangular elements of constant 1i1ft as shown in figure 3(a).

The sectors are so placed that one edge is along the tip and the
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other along a ray & <from the origin. The characteristics of these
gectors are such that between the edge along the tlp and the Mach
cone from the apex of the sector — the region overlapping the wing -
no downwash exists, so that the shape of the control surface remains .,
unaltered after superposition. In this same reglon, the 1lifting-
pregsure coeffliclent is variable. Betwesen the edge along the tlp and
the edge along the ray a the lifting-pressure coefficient is
constant and the downwash variable. Between the edge along the

ray a and the sector Mach cone, the lifting—pressure cosfficient

is zero,

The distribution of the lifting-pressure coefficient for the
superposed sector for all reglions is given by reference 2 ag®

Ap - Ap 1 , atbg+2aty
<T> t1p (q-l (« o TEe

sector

where 1t deflnes a ray from the apex of the sector passing through
the point x,y under consideration and (Ap/q), 1s the magnitude
of the constant—pressure coefficients over the sector.

ap
q
of change of the basic-pressure cosefficient with =a +times da, then

the induced pressure coefficlent at any point x,y due to the super—
posltion of the sectors along the tip is given by

A (A-EP> = —- E f _d_<A_p> cos_l ?."."Ea.'iajia. da
tip 3 da\ q tg—a

For a control surface with a subsonic hinge line

If (&p/a)y 1s given the value % da, that is, the rate

&0
A (é?. =__l_£...5.___.;n2___ f G! (a)cos_lfiﬁ-fét_&da (5)
9 /tip ™= B4/ (824®) (1-z®) V2 ta—e
where
_a (=)
tg = B -

eEThe functions describing the pressure—coefficient distribution for
this sector end the other sectors glven herein are thoss applied to
ths right-hand side of the wing where y 1= positive.
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and G!(a) ie the derivative with respect to a of the G(a) term
of equation (3). The integration must be performed from the Mach
cone, where G(a) 1s zero, back to the value of a, a,, for which
the Mach cone from the vertex of the triangular sector x,, s
pasges through the point x,y under consideration. ZFor the tip,

= B8 ___

%0 = 138 (5-9)

Although the value of G'(a) becomes infinite at a=l and a=m,
the integral is finite and may be evaluated by graphical means. (See
Appendix A.)

If the Mach cone of the control surface sweeps over the leading
edge of the wing to which the control surface 1s attached as shown
in figure 1(a), equation (5) is modified as follows

1 37,+'baL+2a2ta7L

@) =2 Q__.!li____[(}(a ) cos™
1/¢1p B R ) L ta;—01

8o a+tg+2at
+ L/‘a.' Gt (5,) cos—1 2787528 gg, (53,)
i ta—'a

where G(a;) 1s the value of the term G(a) at a=a; and tg;

denotes a ray from the sector superposed with its apex at the
leading edge of the tip.

For a control surface with the hinge line swept ahead of the
Mach cone from the origin the solution for the tilp interaction
effects is as follows:

A (Bp N w2 —1 B+Ep+2m
( Q>t1p 72 g 1/ (6242 (@P—1) [n o8 tyr-m

a0
— f Ff (a) cos—l gﬁa__-i-_Q_&;b& d_a ] (6)
1 ty—e

where t, is the value of t, when a=m and F'(a) is the
derivative with respect to a ‘of the F(a) term of equation (4).



The integration again must be carried to a, and may be svaluated graphically. (See Appendix A.)

Effect of Trailing Edge

If the trailing edge of the control surface is supersonic, superposition of constant-1ift
sectors along the trailing edge to ommcel the 1ift in the stream dus to the hinge—line source does
not influence the pressures ahead of the trailllng edge. In thls case only the induced 1i1ft in the
t1p reglon needs be considered.

HGCT "ON MI YOV

When the tralling edge of the control surface 1s onio, Interactlon will exist betwmen ths

abaon
upper and, lower su::faces. The 1ift musgt faJ_‘I. to zero at ths trailing edge, that im, the Ku'bta
oondition muet be met. The methods of reference 2 may algo be used 1n thils case %o evaluate the
induced lift. Agaln the superposition of canstant—l1ft sectors with one edgs along the tralllng
edge and ons edge along a ray & is used. The sectors have been so derived (fig. 3 (b)) that there
1s zero downwash between the right sector Mach line and the edge of the sector along the tralling
edge — the reglon overlapping the wing — and zero 11ft between the edge of the sector along the ray
a and the left sector Mach lins. The dlstribution of 1ifting—pressurs coefficient within the
Mach cone of the superposed sector is given by referemce 2 as

( Ap ( _p_) 1 L cogt. Qtmi) (attg )2 (&tg_
\ 4 /6blique sector (1-my,) {tg—a)

where (Ap/q), 18 the magnitude of the constant—pressure cosfficient, and t, dofines a ray from
the apex of tﬁa sector,

S O

For a single control surface such as the aileron of figure 1, the induced
obtained agalin by setting (Ap/q)B equal to the rate of change of the basic 11

For a subsonic hinge 1line

A (Q\ = — L nf? [\ﬂo G (a) oos™t (Lemg,) (a+tg )2 (Bbgtms) &)
Nao/m "7 B (e o) Yt () (e




cl

and for a supersonic hinge line

S

-

g Rl

&

A(é!i\ =____,-L>_8_ me /-,ﬂ.o’ﬁ“ o) ot (lmb) (a-l-t&)—E(a‘ta-l-ﬂkt) an
B X

~ N\ /g 12 B/ (6242) @2_1) Ja (A-m) (tg—a) o

In these equations, ty defines a ray from the vertex of any constant-1ift aector passing
through the point x,y wmder conslderation

_ By (mg-a)-micon

o x (mg-a)-me,

t

The integrations shown must be carried owt from the Mach come, a =— 1 to the value of &, B s

carresponding to the last superposed sector the Mach cone of whioh passes through the point X,y
under consldsration.

For the tralling-edge correction,

i =1 Bytcq-x
@ "™ Byroomx

For adjJacont control surfaces simllar to the elevators of figure 1(b), the finite 1lifting
Tressure along the ray a=0 1¢ canceled by use of a symmetrical constant—load triangle with 1its
apex at cq,0 (fig. 3(c)) which hes no downwash or upwash between the leading edge and the Mach cone.
The pressure fleld of the triangle is given by reference 2 as :

2 4.2 mta
ég = (ég> % GOB-']' p--m:t 3. g\_,. ]
KN \

l-'l.l.bb"} (o

m

2 \Nd/5.0

HGGT oM NI VOVM




where (Ap/q) a=0 18 the lifting-pressure coefficient due to the hinge-line sources along ray a=0.

In this equation, t, defines a ray from the vertex of the triangle at c¢,0,

By

I-C o

toz

through x,y.

The remaining lift along the trailing edge 1s canceled in the same manner as for the previous

case g0 that for a subsonic hings line, the total induced pressure coefficient is given by

bp) __ kB v —1 1) oq1 (Ltmi2) b 2-om2
A<CJ. ™ 2 B’\/(B2+m2) (l—n12) [(2 cosk™ m>cos : (1_mtg)1-,°2
. fa.o & (8) cost (Limt) (a+bg )2 (atg+mt) da:l
o (1-my) (t,—a)

and for a supersonic hinge line and subsonic tralllng edge

A(éx-’- I D [ (2 cos™t %) cos™t (e ®) bo™—ome™
q./m 72 B4/ (82+2) (P—L) (L-mt2) 6"

° _y (Lamy) (et )2 (batmt)
+/;a T ) oo ) (aa) da]

The limit a, i1s as defined for equations (7) and (B).

(9)

(10)

It can be seen that the pressure increments resulting from the evaluation of the interaction
around the trailing edge cause negatlve 1lift to exist along and outboard of the tip within the Mach
cone fram the root tralling edge of the control surface. Since the pressure difference at the tip

"ON NI VOVN
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mast be zero, an additional correctlon mist be applied to this
portion of the tip. The correction is difficult since ths
resldual-flow f£ield 1s nonconlcal in form. Thls is especially trus
of a control surface similar to the alleron of figure 1l (a) where all
of ths pressure induced along and outboard of ths tip is due to ths
integrated effect of ths obligue sectors placed along the trailing
edge. An approximate solution may be obtainsd elther by assuming
that the pressurse fleld at the tip resulting from the traillng-edge
correction is conical from the intersection of the control—surface -
Mach cons and the trailing edge, or by replaclng the trailling.edge
basic—pressure distribution by a step distribution, a conical flow
field at ths tip belng calculated for sach trailing—edge oblique
gector pleced at a step.

For control surfaces similar to the elevators of figure 1 (b),
the correction for the 1ift induced beyond the tip is simplified in
most cases, since the contribution of the integration of the oblique
sectors along the trailing edge may be neglected. Thls leaves only
.the conical flow field due to the first term of equations (9) or
(10) which may be treated in the same manner as the usual tip
correction.

In llke manner, the computations of tip effect are found to
glve a decrement in pressure along the trailing edge which is not
taken into account by the trailing—edge computations mentioned
previously. This flow field 1s also nonconical in form.

A similar situation exists because of the tip correction due to
the trailing-edge influence msntioned previously. In general, it is
not considered worthwhile to complete the solution of thege reflected
regions beyond the first one or two steps since the residual pressures
are small,

Effect of Leéading Edge

If the Mach cone from the origin crosses the leading edge of the
wing to which the control surface 1s attached, the interaction between
upper and lower surface may be determined again by the superposition
of constant 1ift sectors as shown in figure 3(d). Again the sector is
selected to give no downwash on the wing and constant pressure between
the wing leadling edge and the ray a.

The solution for such a sector has been taken from an as yet
unpublished report by Dr. Paco Lagerstrom which considers many types
of "mixed flow" wings. The pressure field 1s of the form



Ap (—m ) (a+ta)+2 (atg-my)  2my (@m ) (L+a) (L+tg)
( >IE sector ( ) [coe—l (L+ms ) (tg—) a.(l+mz) my~ty = ]

where (Ap/q), 18 the magnitude of the constent-pressure coefficient.

It may be noted that the second term of this expression causes the local pressurss to bscome
infinite at the leading edge, an expected result of the upwash between the leading edge of the wing
and the control-surface Mach cons.

Setting (%) equal to the rate of change of the baslc 1ift with a times da,
a

%p bs e [0 (1-mt; ) (440 )42 (2t )
Al o — — 1 cog—1 ! 8 gy
Cq = B4 Grae) (o) [fl €] co Gom) (ba)

/ ") [lom) () () }
1 ml—t&
vwhere

£ o PY(e-m)-am (cy—co)
* x(e-m)-m (oyoo)

The superposltion descrlibed by thie equation cancels all the 11ft due to control deflectlon
ahead of the leading edge of the wing, including the lift beyond the wing tip ahead of the

projected lsading edge. Examination of equation 5(b) shows that the superposition of the tip
aeaotora alao cannels tha 1i€t beyond the tip in the reglon hatuwsan the projected leading edge

L i v 8 Y

and the ray a- passing through the lea,ding edge of 'l:he tip. In this regio:x then the ca.ncellation
of 1ift 1s duplicated. This duplication may be avolded by changlng ths equaetion for the super—
position of leading-edge sectors so that the pressures ahead of the projected leading edge

RGGT "ON NI VOVN
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outbcard of the tip are not canceled by the leading-edge correction, The equatlion for the
leading-edge induced pressures then becomes

9T

2 (1-m; ) (a+ty )+2 (atg—my)

L 8 [ mr . .
) R 2. z 6! (2) cos*
Nide TRl el T (Lsm1) (tme)

_ ?LL f"‘ &' (a) /Ta..m,,)(m) {L+t,)
g ¥ 1 g 4

.L'H.ll-l

e
LB{—=ta

_ o1 (1-m; ) (a1~tay ) +2 (B1ta;-m)
G} oos o) frayen)

L Bm Glay) ffaz—m:)(lmz)(l%ﬁ ]

lim; ay m—ta,

(11)

where G(ay) 1s the value of G(a) at a=a; and tg; denotes a ray from the apex of the sector
superpoeed at the leading edge of the tlp.

The integrations must be carried from the Mach cone, a=l, where G(a) 18 zero to the
leading edge of the tip a=a; unless the point I,y under consideration lles ahead of ths Mach
line from the tip. In this case, the Integration must be carried out to a value of a, g,

carresponding to the last superposed sectar the Mach cone of which includes the point x,y. The
lest two terms of equation (11) diseppear.

The limit a; 1is glven as

e B8
B e
m Cw—Co

#GGT *ON NI VOVN
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and the limit a, 1s

6 = m, X+BY+(cw=co)
o =
x+By—m; (Cyr—co)

The superposition of the constant—1ift sectors along the leading
odge causes & decrement in pressure along the trailing edgs and the
tip which is not taken into account by the previously discussed
corrections for these regions. The flow field corresponding to these
pPressure decrements ls nonconiceal 1ln form and must be evaluated by
superposing constant—1ift sectors to cancel the 1ift for each super—
posed leadlng-edge sector. Fortunately, 1n most cases the pressure
decrements are so small they may be neglected.

If the Mach cone from the tralling edge of the control surface
sweeps over the leading edge of the wing, an additional computation
usling a revised form of equation (11) must be made. In this case,

- the 1ifting pressures to be added shead of the wing leading edge are
those necessary to cancel the negative pressures resulting from the
trailing-edge corrections of equatioms (7) or (9). -

For a single control surface, such as an aileron, the distribu—
tion of the basic 1ift along the trailing edge glven by the function .
G may, for the purpose of obtaining the negative pressure fileld
ahead of the wing, be replaced by a step distribution which is
canceled along the tralling edge by obligue trilangles of finite 1lift
placed at the steps. Each of these canceling triangles has a
conical pressure fleld which may be corrected for ahead of the wing
by equation (11) if the term G! in thils equation is replaced by
the equlvalent derivative for the pressure fisld of the itriangle
superposed at the step. In equation (11), a then refers to a ray
from the apex of the trlangle superposed at the tip. The limits of
the integral and the expression for 1t mmst be revised accordingly.

For adjacent control surfaces of equal deflection such as the
elevators of flgure 1, the correction needed to eliminate the negative
rressures shead of the wing resuliting from the trailling—edge correc—.
tion may be simplified by retalning only the c¢onical flow field

due to the Pirst term of equation (9). This flow field may be
" treated in the same manner as for the basic 1ift (equation (11)).

CONTROL-SURFACE PARAMETERS

It has been shown by the previous discussion that the pressure
at any point on the wing may be determined for a varlety of plan i:orms
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with sufficient accuracy for estimating control—surface parameters.
Unfortunately it is not possible to express the parameters in closed
form for most cases. In general, the induced 11ft and hinge-moment
must be evaluated graphically.

In order to maintalin maximwm accuracy in estimating the param-~
eters Cng, CLgs Cigs Cmgy, ©tc., 1t 1s suggested that the following

procedure be followed:

(a) Evaluate the parameters for the basic 1lift by integrating
analytically the basic-pressure dlstributions over the zone of
Influence of the control surface.’

(b) Determine the induced effects due to interaction around
the subsonlc edges of the plan form by plotting the induced presesures
at various spenwise statione and integrating mechanically to obtain
forces and moments.

Then for example,

c ==<? :{ + ACy, + AC + AC
s to asic 5 L H s tip s LE

Because of the great number of equations needed to cover all
variations in control-surface span, wing aspect ratio and taper ratio
for the control-surface parameters for the basic 1lift, no attempt has
been made to develop them here. TIn the succeeding mections, expres—
slons for some of the parameters for the basic 1lift have been developed
in integral form to act as a gulde for the reader in setting up
expressions for any particular plan form. Only control surfaces that
extend to the tip of the wing are treated.

Varilation of the Basic Iift Coefficlent with fontrol
Deflectlon at Constant Angle of Attack, <CL5>b
asic

For a control surface of arbitrary plan form

Lift f Ap
q g

vhere the Integration must be carried out over the entire surface
influenced by the control. For plan forms such as those of figure 1
with a tip cut off parallel to the direction of flight, the
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integration must be carried out over the various reglons where the
elementary area dA Dbetween the ray a and the ray sa+da retains

the same form. In general,three regions must be dealt with, one
between the Mach cone & = - 1 and the ray passing through the
tralling edge of the tip, at; the second between the ray ay and
the ray passing through the leadlng edge of the tip, a;; and the
third between the ray a; and the Mach cone at a=l. It 1s found that

2, 2

dA=-ﬂ-c°—§-dafroma=—ltoat - ——t
2B (m¢—=) .

pas?

dA =
2ga2

da from a = a;to a = a3

2 2 '
an = 2% (cyoo) da from a3 to a = + 1
2B Za—mz )2

Then for a subsonic hinge lins and tip alined with the stream

_BL _ _h__ 2 at m20 2
GOWIES B8 =T L e e

al 1 2 2
. fa 8% G(a) aa + [z m_(owo)” o) aa} (12)

t  0g2 2 (a—m; )
where
Bs
af =
c°+%§
and
&1 - Bs Bs A —
E'-L- - (cvr-co)

This expression may be evaluated by lntegrating by parts. It should

be noted that the last integral disappears if the Mach cone of the

control surface does not cross the leading edge of the wing and the

upper limlt of the second integral becomes 1. ——
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For a supersonlc hinge line and tip alined with the stream
2 at 2. 2
<;30L8> f 2% w(@) aa
basic T(BS ’V ([32+m2) @2-1) V-1 2 (mg-e)®

1
BZ 2 7t B S
+/;‘t =z Fl) da + = 50 (1) (13)

If the tip 1s cut off perpendicular to the direction of flight,
the area term in the second integral of these equatlions becomes

2 o : -
2.2
%[i—: - (ow—co)} da instead of % da, and the last term in

2
equation (13) becomes > (m—l) ‘:m - (cw—co)}
1

If the cortrol surfaces consldered ares adjacent elevators, then
the lower limit of the first integrel of equations (12) and (13)
becomes zero.

Variatlion of the Basic Rolling-Moment Coefficlent with
Control—~Surface Deflectton at Constant
c

Angle of Sideslip, 15 basi
asic

The rclling mcment produced by unit opposite deflection of
partial-span allerons, which do not have overlapplng zones of
influence, 1is

E=2f92 (b1+l) dA
q

where b; 1s the distance from the center line to ithe Inboard end of
the aileron and 1; is the distance from the inboard end of the
aileron to the center of pressure of the 1ift over srea dA.



2  amg
ly =~ cfroma:-ltoa::at
1 3Bimt-a) ©

w o

afromauattoanal

amy (cy,) Prom

= 2
3 Ba-my)

a=a;toe=l

For & subsonic hinge line and tip alined with the etream

o \ BL m2 | a-t-E_z%a- Fl,,_* 2 am g
\""8/ba51c 4S5 ﬂﬁS TR o V1 2pa)? LD T3 To—e) o) 70 O

81 p2.2 1 2 2 -
ﬁ_s(h 25) m? (cyco) [P_; 2 aim (C?-Co)] }
+u£t' 5E\T * 35/ 60) da +a1 —(—‘i)—a oyl R e Ga) da

For s sumers

&y,
- 8 t Co” | ba 2 _am  Co F(a) da
(ﬁczﬁ)oasic aras»f‘_meme)(mz'_“l"' {[ ecmt-a.)a[ " 3 Toa) BJ i

R e )

a t 2&2

#GCT *oN NI VOVN

(15)
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I+ the tip 18 cut off perpendicular tc the line of flight, the
second integral in both these equations is changed to have the area
toerm mentioned previously and a lever srm term of

il o))

and becomes

f L [ ny - (Ow—co):l{_i + 22 [-.B_.. (cw—-co)}}G(a) or F(a) da

2 3 Bb Lmg

the last term of equation (15) becomes

I (m1) [%‘;--— (cw—co)T2 %'" + %:L {%" (cw‘co)} }

Variation of the Basic Hinge-Moment Coefficient with
Control-Surface Deflection, (GhS
basic

The hinge moment of a control surface similar to an alleron
with no overlepping zones of influence is glven as

= - é\ﬁzadA -
q q . .

where 1o 18 the lever arm of the 1ift over srea @&A about the
hinge line. When the tip 1s alined with the stream

mEe o (

1o = 2
2 4/Bz+m2 (my—a)

- %) betwsen a=0 and a=ay

2
lz = = S @ - -) between a=ay and a=m
3 "/B m

mo
2+m2 a

For a subsonic hinge line

-



(Bche’)ba.sic ) q%?ja ) ﬂﬂté‘a ,/(32...1]12%? (1_m2)[~/o‘at Py g mt e ( - —)G(a) .

- o]

r-:3a

For a pupersonic hinge line

(o0 R TR [ft 3,/‘“—“(*;;;)3( 1-5)rf) &

i, i (e gl £F

If the tip.is cut off perpendicular to the line of flight, the second integrals of

equations (16) and (L7) become

[ 2t (cw—co)T(l——)G(a) da

- l—-=}F{a) da
J W (Gv'co)_l k ) ()
with proper limits substituted and the last term of equation (17) becomes

%A/% I:m1 - (‘hr"f’o)]9

(16)

@)
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Varistion of the Basic Pltching-Moment Coefflclent with Control-Surface
Deflection at Constart Angle of Attack, (cmﬁ)
’ basic

The pitching mowsnt about an axis through the epex of the leading edge of the wing dus to a
control surface simller to the aillercns of figure 1(a) uwsed for longlitudinal control is

E=f92cx+13)dp"
a@ J4 q

where X 1s the distance in the x direction from the lesding edge vertex to the vertex of the
control surfeces and 1. the distance from the control-surface vertex to the ceater ¢f pressure

of the 1ift over area dA.

Por bvoth ailercns, 1f the hings lines are subsonlc and ths tips are allned with the streem

" mog” (clw?-——m-t—“."—-)(}(a) da

c _@_I__=_ '
(Bms 1C a3 (mft‘a-)ca,

aS8e B v (p24n2 )(1 [ 2 (mp-a)?

1 N | ;
B2s2 (X 2 PBs m2leycn)® (X .2 m  (oyeo)
+“/8: 2a® (ca 3 acg 66). +v[3 2 (8- )2 (ca '3 (e—m;) ca ° ) ce) daJ(lB)

for the supersonic hings line |
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(e 3 i L 2 (1) v
Ef_g"’_ (Ga 2 %) Fa) da

at 28

2 eo[2o2 (2D)])

For ad)acent controls such as elsvators the conjugate cosh™ or cos™! terms are added.

For & wing with the tip cut off perpendicular to the line of flight, the second integral
of equations (18) and (19) becomes

f%[ﬁ_ (GTCO):IE {C_xa- +§§—a[ = (Grﬂo)}} [G(a) or F(a)] da

with appropriate limits. _ - : o
The last term of equation (19) becomes | : !

| 1!;1-_-11 '[ff _ (“_(;6)]2 {EI; +-3-§-; [%‘i‘- - (cw—co)]}. , .

a9)
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Variation of Hinge-Moment Coefficient with
Angle of Attack at Constant Control-
Surface Deflection, Cha

Values of C may be calculated by the material of refer—
ence 2, It shoulggbe noted that values of Cha obtalned for super—
sonic speede are in general more negative than at subsonic speeds
and therefore have a larger influence in determining the stick forces
than at subsonlc speeds.

ESTIMATED CHARACTERISTICS OF SPECIFIC CONTROL SURFACES

The distribution of lifting—pressure coefficlents over several .
control surfaces has been calculated. The pressure distributions
presented were determined by calculating the baslc liftlng pressures
at various stations and correcting where necessary for the increments
in pressure coeffilclent due to induction effects around the tip,
tralling edge, and leadlng edge.

Elevators

Computations were made for the comtrol surfaces of figure LI for
a Mach number of 42. Both control surfaces have areas equal to
20 percent of the total area. For the pressure distributions, the
aspect ratio and taper ratio of the wings are significant only
insofar as they affect the wing plan form within the zone of influence
of the control surface. A solution for the control surfaces shown
. may be used for other aspect ratios and teper ratios 1f appropriate
values of wing area and span are substituted in the expressions for
the control—surface parameters. Figures 5(a) to (d) show the die—
tribution of lifting—pressure coefficient along the chord at varlous
spanwise stations. Section values of Crg and Chg are glven at
each station. The hinge-moment coefficlents are based on the aver—
age chord in the stream direction for both the tapered and constant—
chord control surfaces so that the valises of Chy are directly
comparable.

The distribution dbf pressure along the root chord is seen to be
gimilar to the Ackeret distribution. Proceeding toward the tip, the
pressure distributions approach the familisr subsonic type of
pressure distribution over flapped wings. The section hinge—moment
coefficlents for the constant—chord control surface are of the sames
order of magnitude as those experilenced at subsonlc speeds if they
are multiplied by the ratio of free—stream dynamic pressure to the
dynamic pressure based on the component of the free—stream velocity
perpendicular to the leading edge.
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Figures 6 and 7 show the spanwlse varlation of the section
-values of CLg and Chg and figure 8 shows the spanwise variation

of c¢p, determined by the methods of reference 2. The curve of

figure 8 shows the effect of the tip alined with the stream in
reducing the 11ft wilthin its Mach cone dlscussed in reference 2,
theredby glving values of cha near zero. '

Integrated values of the control-surface paramsters are as
follows:

Constant Tapered

chord chord.

.r "

Crg | 0.392 0.338 ;

O, —.158 -.152 g t
(:LCJL 1.65 . 1.65
Cn_ -.105 -.313
as —.238 —.205

(A1l values are for deflections and angles of attack in radians.)

The values of ap are of smeller magnitude than those for
control surfaces of the same size at subsonic speeds. A comparison
of the values of Ch8 and Cha' is of interest. It 1s evident
“that the value of’ Chm can be controlled nearly independently of
Chny end Cry at any Mach number by varying the taper of the control
surface, This is due first to the type of loading at the root and.
second to the large loss in the 1ift due to angle of attack which
occurs wilthin the Mach cone of the streamwlise tip of a wing with
subsonic leading edges. This variation in with teper of the
control surface is a function of aspect ratio (or of Mach number)
becoming greater with, lower aspect ratlo (or lower Mach number).

Calculations for these two control surfaces wilth the tip cut
off parellel to the stream were extended to the control surfaces of
figure 9 which have the tip cut off perpendiculsr to the stream.
Although this entalls a change 1n aspect ratlo, the results are still
of interest. The chordwise pressure digtributions for the first
three spanwlse statlons in terms of the root chord of the control
surface are the same as those of figures 5(a), (b), and (c¢). The
pressure distrlbutions over the three remaining spanwise statlons are
shown in figures 10(a), (b), and (c). The date of figure 10(c) show
infinite pressure at the leadlng edge due to the upwash between the
leading edge and the Mach cone.
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Figures 11, 12, and 13 show the varlation of section values of
CLg» Chgos and Chy along the span, the constant-chord control surface
having a span of 60 percent of the wing span and the tapered chord
having a span of 50-percent,wing span. Integrated values of the param-
eters are as follows:

Constant Tapered -

chord chord
CL5 0.358 0.287
Ch8 —-.172 . —.155
CLa 3.03 3.03
Chy, —.193 .—.3h8
ag -.118 —. 095

It should be noted that these control surfaces are not of the same
area. The constant—chord control surface is 14.65 percent of the total
area and the tapered chord is 13.33 percent of the total area.

The values of ag given in the table are much smaller than those
for the control surfaces of figure 4 which have the tip alined with
the stream, even considering the difference in the relative sizes of
the control surfaces .in terms of percentage of total area.

This is due to the fact that, as shown in reference 2, when the
tip is alined with the stream most of the basic 1ift due 1o angle of
attack is lost within the Mach cone from the leading edge of the tip;
whereas when the tip is cut off perpendicular to the line of flight
no 1ift is lost. Thus, for low aspsct ratios and taper ratios near 1,
the alinemsnt of the tip has a powerful effect on CLy. A corre—
sponding effect of tip alinement on CLy occurs but is of much smaller
magnitude than for CLy. The net result is that the ratio of CLy to
Clgs, which is ag, 1s much greater for a given aspect ratio and
control—-surface size when the tip 1s alined with the stream than when
it is cut off perpendicular to the direction of flight.

Aileron

The computations for the control surfaces of figure 4 were
extended to a calculatlion of the characteristics of the allerons
of figure 1k, TFigure 15 shows the variation of pressure coefficlents
along the chord for the varilous spanwise stations. The spanwise
variation of the section values of CLg and Chy are shown in
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figure 16. The integrated values are given in the following table:

CLS "= 0.09 (one aileron)
Chg = —.123

Cig = 0.0711 (both ailerons)
bﬂﬁ = —0.071la (both ailerons)

The significance of these values must aweit determination of
the damping in roll and the rolling moment due to sideslip, which
problems incidentally appear to be amensble to treatment by the
methods of reference 2. '

The remarks of the previous sectlon relative to the effect of
the alinement of the tip on ay for elevators apply in general to
the ratio of Ci5. to Czp. For low aspect ratios and taper ratios
near 1, ‘the effect of tip alinement on Czp will be very powerful;
whereas the effect on Cj3. will be small.” It seems therefore that
from the standpoint of obgaining large values of. pb/ZV with small
control surfaces, the tip of the wing should be alined with the stream.

Ameg Asronautlcal Laboratory,
National Advisory Committee for Aeronautics,
Moffett Field, Calif.

APPENDIX A
‘Evaluation of Integrals Expressing Superposition Process
The integral equation giving the induced lifting—pressure
increments due to the interaction between the upper and lower surfaces

of the wing around the streamwise tip for a control surface with a
subsonic hinge line is

A(‘L)) “‘Eﬁmf

with

a.+ta+2a.ta

Gt (@) cog™r — 22 (A1)

tg _BG=s) and G'(a) as discussed in the text.



This equation must be evaluated graphically. Unfortupately, the mature of the distribution of '3
the besic 1ift due to the deflection of the control surface 1s such that G'(a) is infinite at the
Mach come, a=l, and at the hinge line, a=m, changing sign as the hinge line 1s crossaed.

If the integration of equation (Al) is carried to a value of &8, greater than m, the
singularities at tbe hinge line, a=m, are not encountered. In this case, since the function
G(a) has the value of zero at a=l, equation (Al) may be rewritten in a form which may be evaluated
graphically by replacing G'(alda by dG(a).

o =Fr = =

A(é_l'; =0 2 f}(a") cos—1 Bttatdate aq0) (a2)
B 22y (p24n®) (1u®) o te-a

where G(a,) 1s the value of the function Gfa) at a=a,.

If the integration of equation (Al) i1s carried to a value of 8o less than m, the functlon

Al e mmmdeleon A ds AR e msaa a2

PR Y PR T TR et oo\ 1 A_.OE_ . L e R T 3 L T 1
riA}) a8 wblil 8as «’ @) pecomes 111 L8 AU 410 dnd LHD IR LU0 | L 41BCUBBeA CchHInGL D uded.

In this case, the integral may be rewritten aas follows:

2o
m
Gt (a) cog™1 M da =f ed) (a) cog—1 m da + L£ Gt (a) cog~1 a'_-"‘b.g'..@-ﬁ'ﬁ da CA3)
‘}1 tg—a 1 tg—a tg—a

Considering the first integral of the right-hand side of equation (A3), the eingularity at a=l may
be removed as follows:

n m

m
tg+2at +28,
G! (a) cos™? 3+%ai72%8 4n = f G' (a) {cos2 iﬁa;_t_a - K)d.a +K/ ¢'(a) da
iy tg—a Ja ta—e 1
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vhen K 13 the value of cos~l — 2 2 yhen asl,
a8
K = cog—t 11301
Tl
1o N , Btta+laty
vwhon &=l, G!'(a) (cos™ ———- K) is indeterminate and may be evaluated as
N ;
1lim G¢ (E.) cog—L m — K) =0
a1 tga
8ince the derivatlve of the denominator is infinite gt a=l, while that of ths mmmerator is finite.
at+bg+2aty
G'(a) (cosl — 2" % _ X ) may then be plotted from e=l.
. & . H L T
To remove the singularities at both a=l &nd a=m, the first Integral of the right-hand slde
of equation (A3) may be rewrltten as follows:
r tg o8t 2 +ta 428t &
G'(a)oorlg'i—ﬂ——a"-&da:f 6' () (cos—1 2ltat=R% g d.a.+Kf G'(a) da
m aityilat, s
+f o' @a) (oos™ BtatPaty da+Lf G'(a) da (ak)
8 tq-a a
where T 1s the valus of cos~) 2*'atPta .4 oo
ta—a o
P.I

WGty

L = cog™l —————
Tyrm




ty w
By differemtiating mmerator and dencminator omes, 1t i1s found that
+2a 1 + g )t
1im G*(a) (ocos2 atlgifaty _ = + [tm(l tm) - Brs) x:tm]
a>m tag-a ¢ YA i (L+tm) m (L+m) mx—fs
o m(l+m)
tg+2at
and G* (a) ( s"lf'i—a:g-@-- )maybeplotted'bothisvalueat a=m,
g
The second integral of the right-hand eids of equation (A3) may be treated in the same manner.
t,t2at 8o +to+2at o
@t (a) cog-l 2a™%la o' ) (cos1 2878 1\ ga 41 G'(a) da (a5)
ta—a tg—a
m m m

whore I hus the same value as for the prevlious case, aince the singularity at a=m 18 again to

Dﬂ L HLU-UVUU.-

, 8tbg+2aty

The evaluation of the indeterminate quantity G'(a) (cos" : - L) at a=m gives the
a8

game value as for the previous case,but the sign 1s oppomite because the lower limit 1s involved.
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Equations (Ak) and (A5) may now be combined to give

8o a
[ e coa-l;"-ﬁ*—eﬁ'fﬁda=['ae'(a) aorlﬂif&@ﬁ-x)da+xf 6* () dn
J ta-a v \ |2 / J

T "ON ML VOVYN

1 1 1
A 4 a+t,+eat \ AR N
+j ' (a) (cos—2 ——& "'-'L)da+LfG'(a)da. o
ta—a- A
+ [ﬂo G' (a) (gog‘la—ﬂ;ﬁ-%—L\da +L [%G'(a) da
J \ ten 4,
ar
a
/% 6t fa) copma 2521288 _ 1 i) fGog 2aete g g,
' tg~a J \ te—2 /
3 i
t
. f° o' (a) (cos™ E‘i.t.ﬁf‘f&_ L) @ + (BI1) 6@) + I Glg)  (6)

vhere G(a,) 18 the function G(a) at ama, and the limit e 1s any arbitrary value of a
between a=1 and a=m.

g iy = BT e T E T Y N s N e 1

The first and second Integrals of equati (A6) may bs avaluated graphically. (The second
integral 1s plotted to the limiting wvalus at a=m.)

The mothods used above for the integration along the tip of a wing for a conlrol surfass with
a subsonic hinge line may also be used along the tralling edge or leeding edge to remove the
r

gingularities at the Mach cone a =~ 1 or a=1l o

(o)
(¥4
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the hinge lines of which intersect the leading or trailing edges.
The method of equation (A2) may be used for the singularity
at the Mach cone for supersonic hinge lines.
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5 NACA TN No. 1554

Figure /4~ Lateral conitrol surfaces on an untapered swept-back wing.
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